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Abstract. A holonomic space (V, H, L) is a normed vector space, V , a sub- 
group, H, of Aut{V, II ■ II) and a group-norm, L, with a convexity property. We 

prove that with the metric dL{u,v) = infag// | V^L^(a)"^~^!7^^"ai)jp'| , V is a. 
metric space which is locally isometric to a Euclidean ball. Given a Sasaki- 
type metric on a vector bundle E over a Riemannian manifold, we prove that 
the triplet {Ep, Holp, Lp) is a holonomic space, where Holp is the holonomy 
group and Lp is the length norm defined within. The topology on Holp given 
by the Lp is finer than the subspace topology while still preserving many de- 
sirable properties. Using these notions, we introduce the notion of holonomy 
radius for a Riemannian manifold and prove it is positive. These results are 
applicable to the Gromov-Hausdorff convergence of Riemannian manifolds. 



Introduction 

The differential geometric study of total spaces of bundles over Riemannian 
manifolds has been quite a prolific and influential topic. Among those bundles, the 
tangent bundle has been central and extensively studied by Sasaki Musso and 
Tricerri [l3[, Abbassi and Sarih [1], Benyounes, Loubeau, and Wood [2], among 
many others. 

The motivation for this communication is to investigate further the properties 
of such bundles from the viewpoint of Metric Geometry, that is the synthetic prop- 
erties of their induced metric-space structure. It is a well-known fact that the 
differential geometry of the tangent bundle with its Sasaki metric (or more gener- 
ally any bundle with a Sasaki-type metric) is fairly rigid. In particular, its fibers 
(i.e. the individual tangent spaces) are totally geodesic and flat (see [13|). There 
is more than meets the eye. 

At any given point on a Riemannian manifold there are three pieces of informa- 
tion that interplay: the tangent space, as a normed vector space V; the holonomy 
group, as a subgroup H of the isometry group of the fiber; and a group-norm L on 
the holonomy group, given by considering the infimum 

L{a)^M£{j) (0.1) 

7 

of the lengths of the loops 7 that yield a given holonomy element a. 

A holonomic space is a triplet (V, H, L) consisting of a normed vector space V] 
a group H of linear isometrics of V] and a group- norm L on such group; satisfying 
a local convexity property that relates them: For any element u ieV there is a ball 
around it such that for any two elements v,w in that ball the following inequality 
holds: 

\\v-wf ~\\av~wf <L^{a) (0.2) 

for any element a E H. See Definition 12. II 
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By considering the following distance function, : V" x V" — M, 

dLiu,v) =inf Vi^(a) + ||au-w||2, (0.3) 

a 

one gets a modified metric-space structure on V that sheds light on the definition 
of a holonomic space: 

Theorem A. A triplet (V, H, L) is a holonomic space if and only if dL is locally 
isometric to usual distance on V . 

This is Theorem 12.91 proved in section [2] 

The measure of nontriviality of a holonomic space is controlled by the holonomy 
radius, a continuous function on V , given by the supremum of the radii of balls for 
which the local convexity property is satisfied. This function is finite if and only if 
H is nontrivial [Proposition 12.15] . 

Considering the holonomy radius at the origin already yields some information 
on the group-norm in the case when the normed vector space is actually an inner 
product space. Namely the following result. 

Theorem B. Given a holonomic space (V,H,L), the identity map on H is Lip- 
schitz between the left invariant metrics on H induced by L{a~^b) and y^2\\a — b\\ 
respectively, where || • || stands for the operator norm. Moreover, the dilation is 
precisely the reciprocal of the holonomy radius po at the origin of V . 

J2\\a-b\\ < —L{a-^b). (0.4) 
Po 

This is a consequence of Theorem 12.181 and Corollarv l2.19l in section [5] 
Recall that a Sasaki-type metric G on a Euclidean vector bundle with compat- 
ible connections is given in terms of the connection map k, : TE — )• E, uniquely 
determined by requiring that K{a^,x) = V^cr, as 

Git v) = g{T^*t T^*V) + i^v), (0.5) 

for vectors ^, ?7 € TE. 

Given these considerations one gets the following result. 

Theorem C. Given a Euclidean vector bundle with a compatible connection over 
a Riemannian manifold, each point in the base space has a naturally associated 
holonomic space, with the fiber over that point being the underlying normed vector 
space. 

Furthermore, if the total space is endowed with the corresponding Sasaki-type 
metric then the aforementioned modified metric-space structure coincides with the 
restricted metric on the fibers from the metric on the total space. 

This result is stated more precisely in Proposition 13. 121 Theorem 13. 131 and The- 
orem [STS] 

The group-norm in Theorem C is given by (|0.ip . The study of this group- norm 
was already hidden in the work of Tapp [3 and Wilkins . 

This group-norm induces a new topological group structure on the holonomy 
group that makes the the group-norm continuous while retaining the continuity 
of the holonomy action [Lemma 12. 6| . In should be noted that with the standard 
topology (i.e. that of a Lie group) of the holonomy group, this group-norm is 
not even upper semicontinuous. Wilkins [20J had already noted this (an immediate 
example is to consider a metric that is flat in a neighborhood of a point and consider 
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the group- norm associated at that point). He proved that if the Lie group topology 
is compact then the group-norm topology is bounded, which is a surprising result 
given that the group-norm topology is finer. 

Tapp [f8j defines a 'size' for a given holonomy element as an infimum over ac- 
ceptable smooth metrics on the holonomy group (quoted here as l3.29p . As such, he 
proved that holonomy 'size' and the length group-norm ()0.ip are comparable up to 
a constant that depends only on the base space and the norm of the curvature (see 
Theorem 13. 30p . These results are discussed in more detail in the last section of this 
communication. 

Finally, as an application of this constructions, the holonomy radius of a Rie- 
mannian manifold is defined by assigning to each point the holonomy radius at 
the origin of the holonomic space associated to it by Theorem C in the case of its 
tangent bundle with the Levi-Civita connection [Definition 13. 16| . 

In view of Theorem B, this function is positive [Theorem I3.18j and has a pre- 
cise formulation in terms of the group-norms and of the usual linear action of the 
holonomy groups. 

1. Background on Normed Groups and Semimetrics 

The definitions and results stated in this section are here for completeness and 
for the sake of setting the background and notation for the sequel. The notion 
of semimetrics (often called pseudometrics in the literature) is reviewed, so is the 
concept of (left) isometric group actions. In this generality, quotient spaces are 
not necessarily well behaved, but further quotients can be taken to return to the 
category of metric spaces. These quotients will however be related. 

Since the concepts needed in following sections are mainly metric, the topological 
and smooth structural results will be omitted or freely used whenever needed. 

1.1. Norms and distances. 

Definition 1.1. Let G be any group. A group-norm on G is a function N : G R 
that satisfies the following properties. 

(1) Positivity: N{A) > 

(2) Non-degeneracy: N{A) = iff A = idy 

(3) Symmetry: N{A-^) = N{A) 

(4) Subadditivity ("Triangle inequality"): N{AB) < N{A)+N{B). 

Example 1.2. Let be a normed vector space and let G be a subgroup of the 
group of norm preserving automorphisms of V. Then N{A) = \\idv — A\\ is a 
group-norm. 

Example 1.3. Let / : [0, oo) — ^ [0, oo) be any non-decreasing subadditive function, 
fit + s) < fit) + /(s), with /(O) =0. Let : G M be any group-norm on G. 
Then f o N is also a group- norm on G. 

Proposition 1.4. A group G together with a group-norm N becomes a topological 
group with the left invariant metric induced by 

d{A,B) ^ NiA-^B). (1.1) 
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Proof. Left-invariance follows from the fact that {CAy^CB = A'^B. The map 
(A, B) H> A~^B is contmuous smce 

d{A-^B,C-^D) = N{B-^AC-^D) 

< N{A-^B)+N{C-^D) = d{A,B)+d{C,D) 

< V2^d^A,B)+d^C, D). 

□ 

Definition 1.5. Given a group-norm on a group G, the topology generated by 
N will be called the N -topology on G. 

Proposition 1.6. With the N -topology on G, the group-norm N is continuous. 

Proof. This follows from the fact that \N{A) - N{B)\ < N{A-^B), which in turn 
follows directly from the triangle inequality in Definition 11.11 □ 

As seen, the notion of group-norm is completely equivalent to that of a left- 
invariant metric on a group; given that it appears in examples is it considered 
separately. It is also equivalent to right-invariant metrics. For more details on 
normed groups see the survey by Bingham and Ostaszewski Q. 

1.2. Semimetrics. 

Definition 1.7. Let X be a set together with a function from d : X x X — R. 
(X, d) is a semimetric space if d is nonnegative, symmetric and satisfies the triangle 
inequality. 

Proposition 1.8 (see (2l|). Given a semimetric space (X, d), let x ^ y if d{x, y) = 
0. Then X' = X/ ^ is a metric space with metric, d' , 

d'{[x]M) = d{x,y) (1.2) 

for any choice of representatives. Also, the canonical projection map is open and 
continuous with the quotient topology. 

1.3. Isometric Transformation Groups. 

Definition 1.9. An isometric group action consists of a triplet (G,X, 93), where 
G is an abstract group, (X, d) a metric space and ip : G Iso(X, d) a group 
homomorphism. The orbit of a point x € X, denoted by G{x), is the equivalence 
class of all y e X such that y = gx := (p{g){x) for some g G G. The space of 
equivalence classes is called orbit space and will be denoted by G\X. If, furthermore, 
G is a topological group and the map (g, x) i— ^ gx is continuous then (X, G) is a 
transformation group. 

Remark 1.10. The quotient map from X to G\X is an open continuous map with 
the quotient topology. 

The following fact will be used in the sequel. It is a classical result of spaces 
of continuous maps with the compact open topology that the continuity of the 
evaluation map is equivalent, under some assumptions, to the continuity of the 
embedding (see Munkres (l2|). 

Proposition 1.11. If X is locally compact then a transformation group (X, G) is 
equivalent to a continuous homomorphism (p : G ^ Iso(X, d), where the codomain 
has the compact open topology. 
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Lemma 1.12 (see [7]. p. 47). Let {X,d) be a locally compact metric space and 
let {ifi} be a sequence of isometrics of (X,d). If there exists a point x ^ X such 
that {Lpi{x)} converges, then there exists a subsequence {^pif.} that converges to an 
isometry of {X, d) . 

With the hypotheses of the previous lemma, one has the following fact, which 
for future reference is included here. 

Proposition 1.13. Let (X.G) be a transformation group where X is locally com- 
pact and connected. Then G\X is a semimetric space with 

d{G{x),G{y))^mid{x,gy) (1.3) 
a 

Furthermore, let H be the closure of ip{G) in the isometry group of X . Then there 
exists an isometry such that 

H\X = {G\X)/ ^ . (1.4) 

Proof. All the properties of a semimetric are straightforward. Let x ^ X, then its 
equivalence class [x] C X in the right-hand side of the equation is the set 

[x] ={y:3e>0, 3g e G, d{x, gy) < e}. 

This is equivalent to H{y) for any fixed y € [x\ since one can produce a sequence 
{gi\ of isometries such that the sequence {gi{y)} converges to x\ thus by Lemma 
I1.12l there is a g G H with x = gy. There is therefore a canonical bijection between 
both sides of the equation. It follows that it is an isometry since the metric on each 
side is defined to be the distance between equivalence classes as subsets of X (cf. 

(EH), (CnD). □ 

Corollary 1.14. Let {X,G) be a transformation group where X is locally compact 
and connected. The orbit space is a metric space if (p{G) is a closed subgroup of 
lso{X,d). 

Proposition 1.15. Let [G^do) be a metric topological group with left- invariant 
metric da ■ Let {X, G) be a transformation group ( no assumption on connectedness 
or local compactness). Then so is {X xG,G), where the action is given by g{x, h) :— 
{gx,gh). The quotient space G\{X x G) is a metric space and is homeomorphic to 
X under the map x i— > G{x, e), the orbit of (a;, e). This induces a new metric on X 
given by 



d'{x,y) = inf ^d^(e,5) -\- d'^ {x , gy) . 

Proof. That (X x G, G) is a transformation group is immediate from the hypotheses. 
The second quotient, G\{X x G)/ ~, is a metric space by Prop 11.81 Let [x,g] :— 
[G{x,g)] stand for the equivalence class {x,g) in the second quotient, regarded as 
a subset of X x G. The map 

X [x, e] (1.5) 

is a injective; indeed, suppose that [x, e] — [y, e]. For all > there exists a group 
element g such that d{x,gy), dcifi^g) < rj. Then, by continuity of the action, for 
every e > there exists < 5 < e/2 such that for all g, dcig, e) < 5, d{y, gy) < e/2 
(by equation ()1.3p ). So by letting rj — 5, 

d{x, y) < d{x, gy) + d{y, gy) < e. 
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It is also onto since [x,g] — [g~^x,e]. It is continuous since it is a composition 
of continuous maps and it is open since the quotient maps are open and the map 
(x^g) I— > g~^x is continuous, hence a homeomorphism. 

Since the map x G(a;, e) is also bijective and continuous, it follows that G\X 
was already a metric space, as claimed. □ 

For a systematic introduction to (smooth) tranformation groups, see the lecture 
notes by Pedrosa (l5| . 

2. HOLONOMIC SPACES 

The notion of a holonomic space is introduced in this section. It will be seen in 
the sequel how these spaces occur as fibers of Euclidean vector bundles with suitable 
conditions imposed. Several properties of holonomic spaces are also analyzed here. 

Definition 2.1. Let (V, ||||) be a normed vector space, H < Aut{V) a subgroup 
of norm preserving linear isomorphisms, and L : iJ — > R a group-norm on H. The 
triplet (V, H, L) will be called a holonomic space if it further satisfies the following 
convexity property: 

(P) For all w e F there exists r = r„ > such that for all v,w ^ V with 

\\v — u\\ < r, \\w — u\\ < and for all A (z H, 

\\v -w\\^ -\\v - Aw\\^ < L^{A). (2.1) 

Definition 2.2. Let (V, H, L) be a holonomic space. The holonomy radius of a 
point u (z V is the supremum of the radii r > satisfying the convexity property (P) 
given by (|2.ip . It will be denoted by HolRad(u). It may be infinite. 

Lemma 2.3. Given a holonomic space {V,H,L) as above, there exists r > such 
that for u Cz V , \u\ < r, and for any B G H , 

\\u-Bu\\<L{B). (2.2) 

Proof. Simply choose r = tq as in 12.11 v = Bu and A = B~^ . □ 

Definition 2.4. Given a holonomic space {V,H,L), the largest radius of a ball 
satisfying Lemma 12.31 is the convexity radius of a holonomic space. It may be 
infinite. 

Remark 2.5. The convexity radius is in general larger than the holonomy radius 
than the holonomy radius at the origin, as can be seen in Example 12.201 

Recall that the group norm L on H induces a topological group structure on _ff , 
the L-topology (see Proposition ll.4p . 

Lemma 2.6. Given a holonomic space (V, iJ, L), the action H xV ^ V is contin- 
uous with respect to the L-topology on H . Furthermore, it is uniformly continuous 
when restricted to bounded invariant sets. 

Proof. Let ro be the convexity radius. Let (a, u) E H xV, with ||u|| > tq. Fix 
A > such that A||u|| < r, and let e > 0. Let K = y^l + • Note that for any 
positive real numbers y G M, 

X + —y < K\/ x^ + ■ 
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Now, if ^ = niin{-|^, '- — and yjL'^{a~^h) + \\u — < S. Notice that 
\\\v\\ < \\\u - v\\ + \\Xu\\ <\S + \\\u\\ < ro. 



Thus, 



bv\\ = \\u — a^bi'W = —\\Xu — a^b\v\\ 

A 

< ^ {\\Xu - Xv\\ + \\Xv - a^bXvW) 
A 

< \\u-v\\ + ^Lia^b) 

A 



□ 



Theorem 2.7. Let {V,H,L) be a holonomic space. 

dLiu, v) = inf I ^L-^{a) + \\u-av\\A , (2.3) 

is a metric on V. 

Proof. By Lemma 12.61 one sees that the action H x V ^ V is continuous with 
respect to the L-topology on H. Letting G = H and X = V" in Proposition 11.151 
it follows that the V is homeomorphic to H\{V x H) and that the pullback metric 
on V is given by (12. 3p . □ 

Definition 2.8. Given a holonomic space {V,H,L). The metric given by (|2.3p 
will be called associated holonomic metric and V together with this metric will be 
denoted by Vl . 

Theorem 2.9. A triplet (V, H, L) is a holonomic space if and only if id : V ^ Vl 
is a locally isometry. 

Proof. By property (P), given any point u Cz V there exists a radius r > such 
that for all v,w £ V, with ||w — w|| < r and || w — u\\ < r, and for all A E H, 



\\v - w\\ < y/L^iA) + \\v~ Aw\\'^. 
Hence, considering the infimum of the right-hand side, it follows that 

||w — wll < dL{v,w) < \/ L'^{idv) + \\v — wjp = ||w — . 

Conversely, if the identity is a local isometry, property (P) in Definition 12. II is also 
satisfied: Let _B be a ball around u € V on which the identity map idv\B is an 
isometry. Therefore, for any A E H and any pair of points v,w E B, 

||i;-w|| = inf \y/L'^{a) + \\v - aw\\A < \/ L'^{A) + \\v - 

□ 

Remark 2.10. The holonomy radius is also the radius of the largest ball so that the 
restricted di-metric is Euclidean. 

Proposition 2.11. Let {V,H,L) be a holonomic space. The original norm on V 
is recovered by the equation 

\\v\\^dL{v,0) (2.4) 
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Proof. Because H acts by isometrics on V, 



dhiv, 0) = inf 



The conclusion now follows by letting a = idy- 



□ 



Corollary 2.12. Given a holonomic space {V,H,L) the rays emanating from the 
origin are geodesies in Vl- 

Proposition 2.13. Let {V,H,L) be a holonomic space. Then H = {idy} if and 
only if there exists u d V for which the holonomy radius is not finite. 

Proof. If H is trivial, then L = 0, and so V is globally isometric to V, hence 
for any u € V the holonomy radius is infinite. Conversely, if there exists u G V 
with HolRad(u) = oo, and there is a G H with L{a) > 0, then for any v G V, 
\\v — av\\ < L{a) should hold. This is a contradiction since v \\v — av\\ is clearly 
not bounded. □ 

Corollary 2.14. Let [V,H,L) he a holonomic space. Then the function u h-> 
HolRad(ii) is positive. Furthermore, it is finite provided H is nontrivial. 

Proposition 2.15. Let (V, H, L) he a holonomic space. The function u i— )• HolRad(it) 
is continuous. 

Proof. By Proposition 12.131 one can assume, with no loss of generality, that H ^ 
{idv}. Let u £ V and let q{u) be the holonomy radius at u. Let v ^ V with 
\\v — m|| < i.e. V € Bg(^u){u), then by maximality of q{v), it has to be at least 
as large as the radius of the largest ball around v completely contained in (u) , 

q{v) > g{u) — ||w — w|| . 

Also, by maximality of g{u), if follows that g{v) cannot be strictly larger than the 
smallest ball around v that contains -Bg(ti) (u) , 

q{v) < q{u) + \\u ~ v\\. 

Therefore, at any given point u and any e > 0, there exists 5 = min{£i(w),e} 
such that for any v £V , \\u~ v\\ < 5 \i follows that 



Theorem 2.16. Let {V,H,L) he a holonomic space. Then the convexity radius is 
given hy 

CvxRad= inf „ f^°^ „ , (2.5) 
aeH \\idv — a| 

where for any T : V V , \\T\\ denotes its operator norm. 



\g{u) — g{v)\ < \\u — v\\ < e. 



□ 



Proof. Let u with ||u|| < 



u|| < \\A 




then 



idMn\\<L{A) 



which proves that 



CvxRad > inf 



L{a) 



aeH \\idv — a\\ 
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Now, let Q > I I .^J^^^i i and let e > be such that 

e<\\A- zdv\\g~ L{A) = \\A - zdv\\ [q - p^^^) > «■ 

Then, by the definition of operator norm, there exists u ^ V with = g such 
that 

\\A — idv\\Q> \\Au — u\\ > \\A — idyWg — e. 
The second inequality yields that 

\\A - idv\\g- e > L{A). 

This proves that CvxRad cannot be strictly larger than p^J^^^n for any A, and 
thus for all. □ 

Recall that by Examples 11.21 and 11.31 and by Proposition 11.41 the operator 
norm and any composition of it with a non decreasing subadditive function is a 
group-norm; and that given a group-norm iV, a left-invariant metric is obtained by 
dN{g,h) — N{g~^h). With this, the group norm in the definition of a holonomic 
space, the usual operator norm and the convexity radius are related in the following 
Lipschitz condition. 

Corollary 2.17. Given a holonomic space {V,H,L), with V an inner product 
space, then 

for all a,b (z H 

Theorem 2.18. Let {V,H,L) he a holonomic space and suppose further that V 
is an inner product space and that the norm is given by \\ ■ |p = (•, •). Then the 
holonomy radius at the origin is given by 

HolRad(O) = inf , ^^"^ =, (2.6) 

•^e-ff ^2\\idv~a\\ 

where for any T : V ^ V , \\T\\ denotes its operator norm. 

Proof. Using the inner product, and the fact the symmetry of the group-norm L, 
L{A~^) = L{A), and that H acts by isometrics, p.ip is equivalent to 

\\v-wf - \\Av-w\\^ < L^{A), 

which when expanded out yields, 

\\vf + \\wf - 2{v,w) ~ \\vf - \\w\\^ +2{Av,w) < L^{A), 

and thus 

2{Av-v,w) < L^{A). 
Thus it\\v\\,\\w\\<^^m=then 

2{Av-v,w) < 2\\A- idy\\\\v\\\\w\\ < L^{A). 
Since the inequality has to hold for any A, it follows that 

L{a) 



HolRad(O) > inf 



•le-ff ^J2\\idv - all 
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Furthermore, for p > . ^'^^^ , let e > such that 

^ y/2\\idv-A\\ 

L^{A) \\tdv-A\\ ( 2 L\A) \ ^ 

By the definition of operator norm, there exists v (Iz V, with ||w|| — p and 

\\idv - A\\p > \\Av - v\\ > \\idv - A\\p - e. 
Set w = \\Av~-v\\ ~ ^) • It follows that 

2{Av -v,w) ^ 2p\\Av ~ v\\ > 2pi\\idv -A\\p-e)> L'^{A). 
Thus, (12.11) cannot hold for p > , ^'^^^ and the claim follows. □ 

y/2\\idv—A\\ 

Corollary 2.19 (cf. Corollary 12. 17p . Given a holonomic space {V,H,L), with V 
an inner product space, then 

for all a,b Cz H 

Example 2.20. The existence of an r > satisfying (12. 2p (guaranteed for holo- 
nomic spaces bv l2.3l) is not equivalent to the existence of an r' > satisfying p.ip . 
This follows from (|2.6p by considering the following action: Let V ~ C'^ , H ^ M., 
t- {z,w) = (e"z,e^'*w), and L{t) = \t\. Indeed, by Theorem HUHl 

inf . lim 

«6-f^ y^2\\idv - a\\ t^o+ 



'2y^2-2cos(V2t) 
whereas, by Theorem 12. 161 any positive r < ^ will make (|2.2p hold. 

3. HOLONOMY 

The starting point for studying the metric geometric properties of bundles over 
Riemannian manifolds is to consider their total spaces as Riemannian manifolds 
such that the projection is a Riemannian submersion. Existence and naturality of 
such metrics has been addressed and studied from a purely differential geometric 
viewpoint (see or [l3| for the tangent bundle). 

One procedure to view a vector bundle as a Riemannian submersion is to endow 
the base with a Riemannian metric and to require that the bundle be equipped 
with a bundle metric and any compatible bundle connection. These two ingredients 
provide a plethora of metrics on the total space of the bundle (see [l|), perhaps the 
simplest of which is the Sasaki-type metric, introduced for the tangent bundle by 
Sasaki [l^. These are just a particular case of the general construction over locally 
fibered maps as in Q. 

3.1. Background on Connections and Holonomy. The results in this subsec- 
tion are fairly classical (see Q). 

Definition 3.1 (With notation as in [i*!). Given a (normed) vector space V, there 
is a canonical isomorphism between V x V and TV^ given by 

^viw)f = 3{v,w)f 



dt 



fiv + tw). (3.1) 
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That is, JyW is the directional derivative at v in the direction w. 

Remark 3.2. Given any vector bundle (i?, vr), (|3.ip yields a bundle isomorphism 
between (B'^E -.^ E®E and the vertical distribution V = kerTr* C TE^ in a natural 
way; that is, there is a natural transformation (also denoted by 3) from the functor 
©2 to the functor T. 

Proposition 3.3. A connection on (E,tt,AI) can be interpreted as a splitting C 
of the following short exact sequence of bundles over the the total space E. 

^TT*E^-^TE-^TT*TM ^0 (3.2) 

where ^ = [tte,'^*), by regarding C{e,u) as the horizontal lift of the vector x £ M^re 
to e. 

Many structures on vectors bundles are transfered automatically by universality. 
In particular, given a vector bundle with connection (i?, tt, C) over a manifold M, 
parallel translation along a curve a : I M is the trivialization of a* E such that 
the vertical projection coincides with the projection onto the linear factor: 

Proposition 3.4. Let {E, vr, C) be a vector bundle with connection over a manifold 
M , and let a : I M be a smooth curve. The pullback becomes a bundle with 
connection {a*E,a*7r,a*C). Moreover, since I is contractible, a* E is trivial. a*C 
yields a trivialization, called parallel translation, by considering the flow P = P" 
of the vector field 

e^[a*C]{{s,e),-^) = is,C{e,d)), (3.3) 
as 

under the usual presentation of pullbacks as subsets of cartesian products. Further- 
more, P satisfies the following properties. 



P.^ 

dt 


= KC](P,^) 


(3.4) 


PtoPr 


= Pt + T 


(3.5) 


{a*Tr)o P{t,{s,e)) 


^ s + t 


(3.6) 


Pt{e + Xf) 


= Pte + XPtf 


(3.7) 


Pt4a*C]{e,v) 


= [a*Cm{e),v) 


(3.8) 


Pt*:i{ej) 


= 3{Pte,Ptf) 


(3.9) 



so that if I ~ [o-,b], a* E = I x [a* E]a by 

(s,e)^^(s,Pa-.e) (3.10) 

Remark 3.5. A metric on a vector bundle {E, tt) is a function g : (B^E — ^ M satisfying 
the usual conditions. Given [E, tt) and a vector bundle with metric [F, tt, h) there 
is a natural metric on 7r*F = as a bundle over E given by the pullback metric 

7r*/i = /io(eV2). (3.11) 

Remark 3.6. Given two bundles with metrics {E,TTi,g), {F,TT2,h) over M, there is 
a natural metric on their Whitney sum as bundles over M: 

5®/j = 5o(©Vi) + /»°(©V2)- (3.12) 

□ 
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Remark 3.7. Given a vector bundle with metric and connection {E, h, C, V), parallel 
translation is by isometrics. 

Definition 3.8. Given a bundle with metric and connection, parallel translation 
yields a map from the space of piecewise smooth loops at a point p € Af , ilp, to 
the group GL{Ep) by 

a e 17p H{a) = . (3.13) 
The holonomy group Holp at the point p on the base manifold is then defined as 
the continuous image of H . 

3.2. Sasaki-type metrics. This subsection reviews the definitions of Sasaki-type 
metrics on general vector bundles, states a few properties and presents Theorems 
[3l3land[3J5l 

In view of l3.3l and l3.6l there is a very natural way to define a complete Riemannian 
metric on the total space E, the Sasaki-type metric. Benyounes, Loubeau, and 
Wood have introduced a larger class of such metrics of which the Sasaki-type is 
a particular case. 

Definition 3.9 ([iBl)- Given a vector bundle with metric and compatible con- 
nection {E,TT,h,V^) over a Riemannian manifold [M,g), the Sasaki-type metric 
G — G{g, h, V^) is defined as follows 

G(e^^)=Me,/) (3.14) 

G(e^a;'')=0 (3.15) 

G(x",/) =.g(a;,y), (3.16) 

Remark 3.10. An equivalent phrasing of G can be given in terms of the connection 
map K : TE — >■ E, uniquely determined by requiring that 

K(cr*x) = Vf cr; (3.17) 

so that G becomes 

for vectors ?7 G T^TE. 

Proposition 3.11. Given a curve a : / — >■ M (parametrized by arc length), the 
(trivial) pullhack bundle a* E (as in \3.4\ ) is further isometric to I x R'^ where k is 
the rank of E. 

Proof. In view of l3.4l and l3.7[ one gets that 

a*G = e{a)^dt'^ + a*hp, 
where p = a{Q), and i denotes the length of a. □ 

Proposition 3.12. The length distance on {E,g) is expressed as follows. Let 

u,v ^ E 



Furthermore, if nu ~ -kv then 



a : [0, 1] M, a(0) = ttu, a{l) ~ tiv 

(3^19) 



dE{u, v) = L(aY + \\au - vW^ : a G Help), (3.20) 

with L being the infimum of lengths of loops yielding a given holonomy element. 



HOLONOMIC SPACES 



13 



Proof. The first expression is essentially the definition of distances in view of 13.111 
In the case nu — ttv, the claim follows by partitioning the set of all curves a 
according to the holonomy element they generate. □ 

Theorem 3.13. Let Help be the holonomy group over a point p £ M of a bundle 
with metric and connection and suppose that M is Riemannian. Then the function 
Lp '. Holp — y Mj 

Lp{A) = inf{^(a)|a G 17p,Pf = A}, (3.21) 
is a group-norm for Help 

Proof. Positivity is immediate from the fact that it is defined as an infimum of 
positive numbers. To prove non-degeneracy suppose that an element A ^ I has 
zero length. There exists u G Ep such that Au ^ u; thus, by (|3.20p . choosing a — A 
yields d{u, Au) = 0. A contradiction. The length of the inverse of any holonomy 
element is the same because the infimum is taken essentially over the same set. 
Finally, to establish the triangle inequality, note that the loops that generate AB 
contains the concatenation of loops generating A e Holp with loops generating 
B e Holp. □ 

Definition 3.14. The function Lp, defined by p.2ip will be called length norm of 
the holonomy group induced by the Riemannian metric at p. 

Theorem 3.15. Let Ep he the fiber of a vector bundle with metric and connection 
E over a Riemannian manifold M at a point p. Let Holp denote the associated holo- 
nomy group at p and let Lp be the group-norm given by (|3.2ip . Then {Ep, Holp, Lp) 
is a holonomic space. Moreover, if E is endowed with the corresponding Sasaki-type 
metric, the associated holonomic distance coincides with the restricted metric on Ep 
from E. 

Proof. According to the definition given in l2.11 the only remaining condition is given 
by (|2.ip . To see this, one needs only to note that the fiber Ep is a totally geodesic 
submanifold of E. With this, given any point u G Ep, let r = CvxRadp(i?) > 0, 
the convexity radius; thus, for any pair of points v,w & B^{p) D Ep there exists a 
unique geodesic from v to w. This geodesic is necessarily 1 1— >■ u — t(v — u) S Ep. □ 

3.3. Holonomy Radius of a Riemannian Manifold. Given a Riemannian man- 
ifold {M,g), in view of the fundamental theorem of Riemannian Geometry, one 
immediately obtains a vector bundle, a connection and a bundle metric compatible 
with the connection; i.e. the tangent bundle, the Levi-Civita connection and the 
metric itself. This is the metric introduced by Sasaki (l6| . 

3.3.1. Definitions and Basic Properties. 

Definition 3.16. Let {M,g) be a Riemannian manifold and let p E M. The 

holonomy radius of M at P and denoted by HolRadM(p) is defined to be the 
supremum of r > such that for all u,v S Mp with Ijulj,!!?;!! < r and for all 
a e Holp 

Wu-vW^ -\\au^v\\^ < Llia), (3.22) 
where Lp is the associated length norm on Holp. 

Remark 3.17. This is simply the holonomy radius at the origin of the holonomic 
space {TpM, Holp, Lp). 
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Theorem 3.18. Given a Riemannian manifold M. The function that assigns to 
each point its holonomy radius is strictly positive. 

Proof. This is a direct consequence of l2.14l and the fact that the tangent spaces are 
holonomic by 13. 151 □ 

Remark 3.19. This fact also follows directly from geometric considerations given 
that < CvxRadTM(Op) < HolRadA/(p), where CvxRadTi/ is the convexity radius 
of TM with its Sasaki metric. 

Proposition 3.20. // there exists a point p in a Riemanian manifold M for which 
the holonomy radius is not finite, then M is fiat. 

Proof. bv l2.131 the existence of such point is equivalent to the group being trivial. 
In particular, the restricted holonomy group is trivial. This is equivalent to flatness. 

□ 

Remark 3.21. The converse is certainly not true. Consider for example a cone 
metric on \ {0}. 

Corollary 3.22. Let M be a simply connected Riemannian manifold. If there is 
a point on M with infinite holonomy radius, then M is isometric to a Euclidean 
space. 

3.3.2. Two-dimensional examples. In the case when {M,g) is a two-fold more can 
be said from the Gaufi-Bonnet Theorem. Furthermore, in the particular case of the 

or H^, L can be computed by virtue of the isoperimetric inequality. 

Recall the following classical result. 

Lemma 3.23. Let {M'^,g) be a 2-dimensional Riemannian manifold and let 7 : 
[0,£] C R — > M be any curve parametrized by arc length. Let k be a signed geodesic 
curvature of"f with respect to an orientation of^*TM. Let9{t) be the angle between 
7 and its parallel translate at time t. Then 

2Tr~0{t) = / fc (3.23) 
Jo 

Assume further that j is a loop. Then, possibly up to a reversal in orientation, the 
holonomy action of ^ at p — 7(0) is the rotation by 27r — Jp k. 

Proof. Consider a compatible parallel almost complex structure on ^*TM , J . With 
respect to the orthonormal frame given by {7, J(7)}, V.^7 — kJ{'y), and thus the 
equation for any parallel vector field P — a'j + bJ{j) along 7 is given by 

d = kb 
b — —ka 

which integrates to a rotation by — J fc as claimed. □ 

Theorem 3.24. Let Af^ be a complete simply connected two-dimensional non-fiat 
space-form with curvature K . Let L : — )• K &e the associated length-norm on the 
holonomy group. Then 

Lie) . (3.24) 
for — vr < < TT, where the sign is opposite to the sign of the curvature. 
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Proof. By the Gaufi-Bonnet Theorem, 9 ^ 2TT — J k — KA, where A is the area of 
the region enclosed by any loop 7, so that 

-1^1- 

Now, the isoperimetric inequality in this case (see [l^) is given by 

> atiA~ka^, 

where the equality is achieved when 7 is metric circle. The claim follows. □ 

Corollary 3.25. Let M"^ he a simply connected two-dimensional non-flat space- 
form with curvature K . The holonomy radius at any point p d M is given by 



inf (3.25) 
-^<e<^ Y 217^1^2 - 2005(6*) 

Proof. In view of p.6[) . the only remain part is to compute ||a— for any holonomy 
element a. Since all of them are rotations by some angle 9, if follows that ||au — u|| = 
||a — for any given u G TpM. Hence a direct application of the law of cosines 
yields the result. □ 

3.4. Length of loops — New topologies for the holonomy group. Controlling 
the length of loops that generate a g iven holonomy element has many applications, 
as pointed out by Montgomery Il0| , in Control Theory, Quantum Mechanics, or 
sub-Riemannian geometry (see 

Considering the infimum L{a) of lengths of loops that generate a given holonomy 
element a is a natural pick, and exhibits the fibers the vector bundle as a holonomic 
space as seen in 13. 151 

Although the function a i— ?■ L(a) is in general not even upper-semicontinuous 
when regarded as a function on the holonomy group with the subspace topology 
(or even its Lie group topology), as pointed out by Wilkins [2^, the following results 
gives a more positive outcome. 

Theorem 3.26. Let H be the holonomy group of a metric connection on a vector 
bundle E over a Riemannian manifold. There exists a finer metrizable topology 
on H (coming from its associated length norm) so that the function a 1— ?> L{a) is 
continuous with respect to this topology and furthermore, the group action H x Ep ^ 
Ep remains continuous. 

Proof. Bv 12.61 the action map H x Ep ^ Ep, is continuous, so bv ll.lli the identity 
map is continuous from the L-topology to the Lie topology. Furthermore, bv ll.6I L 
is continuous with respect to the L-topology. □ 

Now, the following fact hints a type of 'wrong way' inheritance. 



Proposition 3.27 (|20L Il7l|). Let n : P ^ M be a smooth principal bundle over 
a smooth manifold M , let a smooth connection on tt : P M be given, and let 
Hp denote the holonomy group of this connection attached to some element p of 
P. Suppose that Hp is compact. Then there exists a constant K such that every 
element of Hp can be generated be a loop of length not exceeding K. 

So, in the language of the induced length structure the following is true. 
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Theorem 3.28. Let E — > AI be a vector bundle with bundle metric and compatible 
connection. Let H be the holonomy group of this connection. If H is compact 
with the standard Lie group topology (in particular bounded with respect to any 
— invariant — metric), then H with the induced length metric given by (|3.2ip is 
bounded. 

Tapp (lit introduces a way to measure the size of a holonomy transformation as 
a supremum over acceptable left invariant metrics. A smooth invariant metric m is 
acceptable if for any X t — the Lie algebra of <i>, 

||^||m< sup (3.26) 

v.\\v\\—l 

where X{v) means the evaluation of the fundamental vector on F associated with 
X . The size of a holonomy transformation A is then defined as the supremum of its 
distances to the identity dist^iA, Id) over acceptable metrics m. And the following 
fact relates this 'size' to the norm defined by p.2ip . 

Proposition 3.29 (Tapp [18]. Proposition 7.1). Let E B be a Riemannian 
vector bundle over a compact simply connected manifold B. Let \/ be a compatible 
metric connection and let its curvature R be bounded in norm, \R\ < Cr. Fix a 
point X € B and let HoliV) be the corresponding holonomy group at x. Then there 
exists a constant C{B) such that for any loop a in B, \Pa\ < C • Cr ■ ({a), where 
Pa G Holiy) stands for the holonomy transformation induced by a. 

Theorem 3.30. With the assumptions as in the previous statement, the norm 
given by ()3.2ip and Tapp's holonomy size are related by \g\ < C ■ Cr ■ L{g), so that 
the induced length topology is finer than that of Tapp's holonomy size. 

Proof. This is immediate from the inequality, since the infimum is taken over loops 
with the same holonomy transformation associated. □ 
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